Abstract. We study linear recurrence relations in the character solutions of Q-systems obtained from the Kirillov-Reshetikhin modules. We formulate conjectures in the general setting and use difference L-operators to establish them in some cases for classical types. We also provide a conjectural description of these relations in exceptional types.
Introduction
In this paper we study linear recurrence relations in Q-systems, more specifically, those relations among the characters of the Kirillov-Reshetikhin modules. Although there have been some papers dealing with this topic [KOSY02, DFK10a, DFK10b, NK09] , a uniform treatment in the general setting has not been given to the best of our knowledge. The main goal is to formulate conjectures in a precise form and relate this with the study of difference L-operators.
Let g be a complex simple Lie algebra of rank r. Let I = {1, · · · , r} and {α a |a ∈ I} be the set of simple roots. See Table 1 for their enumeration. Let t a = 2/(α a , α a ) ∈ {1, 2, 3} for each a ∈ I, where θ is the highest root and (·, ·) denotes the standard bilinear form on the root lattice Q = ⊕ i∈I Zα i normalized by the condition (θ, θ) = 2. Let C be the Cartan matrix with entries C ab = (α ∨ a , α b ) where α ∨ a = t a α a . Let us denote the fundamental weights by ω a for each a ∈ I. Let P = ⊕ i∈I Zω i be the weight lattice. We put y a = e ωa and denote the ring of Laurent polynomials in {y a |a ∈ I} by Z[y ± a ] a∈I . For a representation V of g, we will denote its character by χ(V ) ∈ Z[y ± a ] a∈I . An irreducible representation of highest weight λ will be denoted by L(λ). Let q ∈ C × be not a root of unity. We shall use the same notation as above for U q (g).
For each a ∈ I, m ∈ Z ≥0 , and u ∈ C, there exists a finite dimensional irreducible U q (ĝ)-module W where ⌊·⌋ denotes the floor function. This was conjectured in [KR90] and proved in [Nak03, Her06] . We call (1.1) the unrestricted Q-system of type g.
Statement of main conjectures. We state our two main conjectures on linear recurrence relations in the sequence {Q 
for any sufficiently big n > 0. Here C (a) 0
To avoid ambiguity, we will fix ℓ a as the minimal one among those with the same property. Our next conjecture gives a more structural way to describe the coefficients in (1.2). Let D be an indeterminate. Conjecture 1.2. There exist finite sets Λ a and Λ ′ a contained in P such that
We have ω a ∈ Λ a . An effective approach to both conjectures can be found in the study of difference L-operators and T T -relations. See, for example, [FR96] , [KOSY02] and references therein. So far the L-operators have been constructed only for certain g and a ∈ I although our work indicates that there are more to be studied. We use them to settle Conjectures 1.1 and 1.2 in the corresponding cases. One can sometimes deduce (1.2) from a T T -relation by restriction in a straightforward way. We also note that (1.3) is closely related to the existence of the factorized form of a difference L-operator.
In the literature there are known results about (1.2) in some special cases. The Q-systems of type A are considered from the viewpoint of integrable systems in [DFK10a, DFK10b] . The Q-systems of type A and D are studied in [NK09] and the expressions for the coefficients of linear recurrence relations are explicitly given. However, these work do not indicate the relevance of their results on linear recurrence relations with earlier ones on difference L-operators and T T -relations. We add the remark that our work forms the background for the periodicity phenomenon studied in [Lee13] .
Conjectures 1.1 and 1.2 pose the following problems :
• to describe Λ a and Λ These are, of course, closely related with each other. By comparing the coefficients of the first degree term in (1.3), we obtain
We also deduce
3) by comparing the degrees of both sides of (1.3). From the general theory of linear recurrence relations we also know that the numerator of the rational function (1.4) is given by (1.3) .
Experiments have shown that the difference between ℓ a and dim W for some integer δ a (which is true in many cases), then |Λ a | = dim W (a) 1 + δ a from (1.5). If we further assume that t a = 1, then we can conclude from (1.6) that
Since this work is primarily of experimental nature we briefly explain how one can carry out experiments to get evidences for our conjectures. Note that a choice of complex numbers for each Q (a) 1 , a ∈ I gives rise to a homomorphism
Here each χ a denotes the character of L(ω a ) for a ∈ I. We then use (1.1) in order to get ϕ(Q m )} m≥0 of complex numbers obtained in this way. Then we try to find a conjectural linear recurrence relation in it and for this purpose we have used Mathematica command FindLinearRecurrence, available in Mathematica version 7.0 or higher. An experimental observation is that this integer sequence obeys the following linear recurrence relation
where the coefficients ϕ(C
k ) are given in Table 2 . By repeating the same kind of experiments with different choices of initial conditions one can come up with the conjectural expression for C Table 2 . We recognize that 27 is the same as the dimension of the smallest nontrivial irreducible representation L(ω 1 ) of the simple Lie algebra E 6 . How can we understand this coincidence? This is an example where (1.7) holds with δ a = 0. We will revisit the E 6 case in subsection 3.1 again, where we give a conjectural description of Λ 1 in (1.3) and see this coincidence in a clearer way. This paper is organized as follows. In Section 2 we collect the known difference L-operators in classical types and prove Conjectures 1.1 and 1.2 in some cases as an application of them. In Section 3 we give a description of the objects appearing Table 2 . Coefficients of linear recurrence relations in Example 1.3 in Conjectures 1.1 and 1.2 when g is one of exceptional types, for which there is no difference L-operator available. In Appendix we give some tables for ℓ a and also some tables related to the growth of the dimensions of the Kirillov-Reshetikhin modules.
Difference L-operators and their application to linear recurrence relations
In this section we give a review of results on difference L-operators and prove Conjectures 1.1 and 1.2 for the cases where we have the corresponding difference L-operators. The proofs are simple and straightforward. Although some of these results are already known, our proofs may give a new perspective on the subject.
A relatively recent survey on the subject is given in Section 9 of [KNS11] , on which our discussion is based. The difference L-operators in classical types are studied in [FR96] , [KOS95] , [TK96] and [KOSY02] . See [Tsu02] also for the Loperators associated with twisted quantum affine algebras.
Let Z[Y ± a,z ] a∈I,z∈C × be the ring of Laurent polynomials in {Y a,z |a ∈ I, z ∈ C × }. There exists a surjective ring homomorphism
For each g of classical type, we will define a finite set J and
The set of weights of res W is given by {λ j |j ∈ J} where
is given as a certain product of the operators of the form (1 ± z j (u)D)
±1 acting on the elements of {f |f :
where z j (u) is given in (2.3). The order of product is of crucial importance due to the non-commutativity of operations involved here. We shall use the following notation (2.2)
There is a notion of q-character χ q (V ) ∈ Z[Y ± a,z ] a∈I,z∈C × for a finite dimensional representation V of U q (ĝ), which is introduced in [FR99] . We will denote
m (u) in the following subsections. Although we do not discuss the details of it here, we should keep in mind that
By multiplying (2.4) and (2.5) in two different orders, we get the following T Trelations :
for m ∈ Z ≥0 . In this case the following theorem is hardly new.
Theorem 2.1. Let g of type A r . Conjectures 1.1 and 1.2 hold for a = 1 with
1 ) for k = 0, 1, · · · , r + 1. We have
.
Proof. We first check that
The image of the L-operator (2.4) under the restriction map is
From (2.5) we have
Finally we see that
It implies (1.2), which is nothing but the image of (2.6) under the restriction map.
Remark 2.2. This has been long known as one can see from (2.6). See also (4.3) in [DFK10a] , Theorem 2.8 in [DFK10b] and Theorem 2.5 in [NK09] .
We expect that similar results hold for general a ∈ I.
Conjecture 2.3. Let g of type A r . Conjecture 1.1 and 1.2 hold with
• Λ a = the set of weights of res W
1 ,
The difference L-operator is given by
Note that this is not a polynomial in D as opposed to (2.4). The multiplicative
Theorem 2.4. Let g of type B r . Conjectures 1.1 and 1.2 hold for a = 1 with
Proof. Note that
where we have used the relation
1 ) = 0 in the last line. The image of the L-operator (2.7) under the restriction map is
which implies (1.2).
Remark 2.5. We can easily check that • C
2.3. Type C r . Let J = {1, 2 . . . , r, r, . . . , 2, 1}. For 1 ≤ a ≤ r, we put
The difference L-operator is given by (2.10)
where T
1 (u) = 1. See Theorem 2.5 in [KOSY02] . The multiplicative inverse of L(u) is (2.11)
Again we can derive two T T -relations similar to (2.6) :
(2.12)
for m ∈ Z ≥0 . Here we put T (u) for a = r + 2, · · · , 2r + 2. Theorem 2.6. Let g of type C r . Conjectures 1.1 and 1.2 hold for a = 1 with
1 ) for k = 0, · · · , 2r + 2.
We have (2.13)
Proof. We check that
The image of the L-operator (2.10) under the restriction map is
From (2.11) we have
Finally we obtain
This implies (1.2), which is again the image of (2.3) under the restriction map.
Remark 2.7. From (2.10) we know
2.4. Type D r . Let J = {1, 2 . . . , r, r, . . . , 2, 1}. For j ∈ J, we define z j (u) as
The difference L-operator is given by (2.14)
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Again this is not a polynomial in
Theorem 2.8. Let g of type D r . Conjectures 1.1 and 1.2 hold for a = 1 with
The image of the L-operator (2.14) under the restriction map is
Remark 2.9. It is a simple exercise to check that
2r−k for k = r + 1, · · · , 2r where q 0 = q r+1 = 1. The linear recurrence relation (1.2) with these coefficients is obtained in Theorem 3.2 of [NK09] .
Linear recurrence relations in exceptional types
In this section we provide a conjectural description of Λ a , Λ ′ a , ℓ a and C (a) k , k = 0, · · · , ℓ a in Conjectures 1.1 and 1.2 for some a ∈ I in exceptional types. We hope that it gives us some hints on how to construct difference L-operators in these types if there is any.
3.1. Type E 6 . We briefly considered this case in Example 1.3 for a = 1. The smallest nontrivial irreducible representation of E 6 is L(ω 1 ) of dimension 27 and all the weights have multiplicity 1.
For a = 1, we expect that Conjectures 1.1 and 1.2 hold with
1 ) for k = 0, · · · , 27. We also have (3.1)
where c n is given as n c n n c n 0 1 15
As res W
(1) m = L(mω 1 ), (3.1) can be understood entirely within the context of the representation theory of g.
We see that (3.1) is consistent with the generating function of dimensions of the Kirillov-Reshetikhin modules :
3.2. Type E 7 . The smallest nontrivial irreducible representation of E 7 is given by L(ω 6 ) of dimension 56 and all the weights have multiplicity 1. For a = 6, we expect that Conjectures 1.1 and 1.2 hold with • Λ 6 = the set of weights of L(ω 6 ),
1 ) for k = 0, · · · , 56. In particular, we expect
3.3. Type E 8 . The smallest nontrivial irreducible representation of E 8 is given by L(ω 7 ) of dimension 248. As it is isomorphic to the adjoint representation, we know that the weights are given by 240 distinct roots and 0 with multiplicity 8.
For a = 7, we expect that Conjectures 1.1 and 1.2 hold with • Λ 7 = the set of weights of L(ω 7 ), • ℓ 7 = 241. Note that Conjecture 1.2 implies
and in particular,
3.4. Type G 2 . Note that dim L(ω 1 ) = 14 and dim L(ω 2 ) = 7.
We also have
where c 1 = c 2 = χ (L(ω 2 )) + 1 = q 2 + 1. And again we check its consistency by computing the dimension generating function from it :
which shows a good agreement.
For a = 2, we expect that Conjectures 1.1 and 1.2 hold with
3.5. Type 
Conjecture 1.2 implies
For a = 4, we expect that Conjectures 1.1 and 1.2 hold with
• Λ 4 as above,
In this section, we give tables for ℓ a in Conjecture 1.1. It is convenient to introduce two sets of binomial like coefficients L m,n and M m,n for m, n ∈ Z with 0 ≤ n ≤ m.
Let us define L m,n for m, n ∈ Z, 0 ≤ n ≤ m recursively by
with 
The minimal order ℓ a in Conjecture 1.1 is given as follows :
In type A r , r ≥ 1,
In type B r , r ≥ 2,
In type C r , r ≥ 2,
In type D r , r ≥ 3,
In exceptional types, for some e a ∈ Z ≥0 . This is argued in Theorem 5, [Kle97] for the simply-laced case. When t a = 1, p a is actually a polynomial. Even when t a = 1, p a (m) can be expressed as a linear combination of terms of the form m n ζ m , n ∈ Z ≥0 where ζ denotes a t a -th root of unity. For example, in type G 2 , we have Let us call e a the degree of p a and denote it by deg p (a) . Then the degree of p a is given as follows :
In type A r , r ≥ 1, deg p a = a(r + 1 − a) for a = 1, · · · , r.
In Type B r , r ≥ 2, deg p a = a(2r − a), if a = 1, · · · , r − 1 r 2 , if a = r.
In type C r , r ≥ 2, deg p a = a(2r + 1 − a), if a = 1, · · · , r − 1 r(r + 1)/2, if a = r.
In type D r , r ≥ 3, deg p a = a(2r − 1 − a), if a = 1, · · · , r − 2 r(r − 1)/2, if a = r − 1, r. The sum of the entries in each row is 16,30,42 and 22. We do not have a good explanation for this coincidence.
